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Vector Spaces

FD - MATH 110 - June 20, 2023 4/12



Lecture 1

Vector Spaces

Loosely, we care about

Objects:

vector € Vector Spaces

scalars € Fields
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Fields

A field is a collection of objects with two binary operations (adding
and multiplying), special elements, 0 and 1, 0 # 1 satisfying nice
properties:
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Fields

A field is a collection of objects with two binary operations (adding
and multiplying), special elements, 0 and 1, 0 # 1 satisfying nice
properties:

B commutativity

B associativity

m identities

m additive inverses

m multiplicative inverse
m distributive property
(Axler 1.3)
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Field Examples

1.3 Properties of complex arithmetic

commutativity
a+p=pf+aandaf = Paforalle.p € C;

associativity
(@+B)+A=a+(B+2)and (¢f)A = a(BA) foralle, B, A € C;

identities
A+0=2andAl = Aforalld € C;

additive inverse
for every @ € C, there exists a unique B € C such thata + g = 0;

multiplicative inverse
for every a € C with a # 0, there exists a unique 8 € C such that
of =1;

distributive property
A+ B) = A+ AB forall 1,0, 8 € C.
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Field Examples

1.3 Properties of complex arithmetic u R
commutativity
a+pf=p+aandap = Baforalla.p €C;
associativity . Q
(@+B)+A=a+(B+2)and (¢f)A = a(BA) foralle, B, A € C;

identities
A+0=2andAl = Aforalld € C;

m C

additive inverse
for every @ € C, there exists a unique B € C such thata + g = 0;

multiplicative inverse
for every a € C witha # 0, there exists a unique § € C such that m 7Z?
afp =1

distributive property
A+ B) = A+ AB forall 1,0, 8 € C.
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Field Examples

1.3 Properties of complex arithmetic

commutativity
a+p=pf+aandaf = Paforalle.p € C;

associativity
(@+B)+A=a+(B+2)and (¢f)A = a(BA) foralle, B, A € C;

identities
A+0=2iandAl = Aforall 1 € C;

additive inverse
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multiplicative inverse
for every a € C with a # 0, there exists a unique 8 € C such that
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Field Examples

1.3 Properties of complex arithmetic

commutativity
a+f=p+aandap = B foralla, & C;

associativity
(@+B)+A=a+(B+2)and (¢f)A = a(BA) foralle, B, A € C;

identities
A+0=21and Al = AforallX € C;

additive inverse
for every @ € C, there exists a unique B € C such thata + g = 0;

multiplicative inverse
for every a € C with a # 0, there exists a unique 8 € C such that
afp =1;

distributive property
A+ B) = A+ AB forall 1,0, 8 € C.
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Lecture 1

Vector Spaces

An F-Vector Space, V, is a collection of objects called vectors with two
operations:

m addition:
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Vector Spaces

An F-Vector Space, V, is a collection of objects called vectors with two
operations:

m addition:
aveV
i+veV
m scalar multiplication:
ANeFveV
AV eV

...satisfying properties in Axler 1.9.
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Lecture 1

Vector Spaces

An F-Vector Space, V, is a collection of objects called vectors with two
operations:

m addition:
aveV
i+veV
m scalar multiplication:
ANeFveV
AV eV

...satisfying properties in Axler 1.9.

& We cannot multiply & and V.
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Vector Space Examples

vector space

A vector space is a set V along with an addition on V' and a scalar multi-
plication on V such that the following properties hold:

commutativity
u+v=v+uforallu,veV;
associativity
(+v)+w=u+ (v+w) and (ab)v = a(bv) forallu,v,w € V
andalla.b € F;
additive identity
there exists an element 0 € V such thatv + 0 = v forall v € V;

additive inverse
for every v € V, there exists w € V' such that v + w

multiplicative identity
lv=vforallve V;

distributive properties
a(u+v) = au +avand (a + b)v = av+ by forall a.b € F and
allu,ve V.
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Vector Space Examples

vector space u R
A vector space is a set V along with an addition on V' and a scalar multi-
plication on V such that the following properties hold:

commutativity n
u+v=v4tuforallu.veV; . ]R

associativity
(W +v)+w=u+ (v+w) and (ab)v = a(bv) for allu,v,w € V

andalla.b € F: n Fn

additive identity
there exists an element 0 € V such thatv + 0 = v forall v € V;

additive inverse
oo}
for every v € V/, there exists w € V' such that v + w mF ?

multiplicative identity
lv=vforallve V;

distributive properties
a(u+v) = au +avand (a + b)v = av+ by forall a.b € F and
allu,ve V.
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Vector Space Examples

vector space u R
A vector space is a set V along with an addition on V' and a scalar multi-
plication on V such that the following properties hold:

commutativity n
u+v=v4tuforallu.veV; . ]R

associativity

(u+v)+w=u+(v+w)and (ab)y = a(by) forallu,v,w € V

andalla.b € F; = Fn
additive identity

there exists an element 0 € V such thatv + 0 = v forall v € V;

additive inverse
for every v € V, there exists w € V' such that v + w

m [F>?

multiplicative identity
lv=vforallve V;

istributive properties S i 0,1
o I:u‘u +l\)-):p:l‘l+arand (a +b)v=av+bvforalla.b €F and n F I'e.' R[ ]? (Set Of
functions S — )

allu,veV.
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Propositions

A vector space has a unique additive identity. \

Each element (vector) in a vector space has a unique additive inverse.

FD - MATH 110 - June 20, 2023 9/12



Lecture 1

Propositions

Proof of Prop'n 1:
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Propositions

Proof of Prop'n 1:
Let V be a vector space.
Let 0, 0* both be additive identities.

Then 0 = 0 + 0* because 0* is an additive identity (Def'n).
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Propositions

Proof of Prop'n 1:
Let V be a vector space.
Let 0, 0* both be additive identities.
Then 0 = 0 + 0* because 0* is an additive identity (Def'n).
And 0 + 0* = 0* because 0 is an additive identity (Def’n).
Thus, 0 = 0 + 0* = 0*.
Q.E.D.

g
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Propositions

Can you do 2?

Each element (vector) in a vector space has a unique additive inverse.

Solution: Axler 1.26
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