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Setting

mF=C

m V is finite-dimensional and non-zero

m Regular vector space - no inner products

m (We are in Chapter 8 now!)

m Recall T = TT-.. T (composition of operators k times)

m Goal: Decomposing/understanding more general operators
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Null Spaces of Powers of an Operator

Spose T € L(V). Then

O)=null TPCnullT* C...Cnull T*C null T C ...
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Null Spaces of Powers of an Operator

Spose T € L(V). Then

O)=null TPCnullT* C...Cnull T*C null T C ...

Proof. S’pose k is a nonnegative integer and v € null T

Thv =0

Thly = TTh = T0 =0
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Null Spaces of Powers of an Operator

Spose T € L(V). Then

O)=null TPCnullT* C...Cnull T*C null T C ...

Proof. S’pose k is a nonnegative integer and v € null T

Thv =0

Thly = TTh = T0 =0

Thus, v € null T<+1,
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Null Spaces Stop Growing

Spose T € L(V). Let n =dim V. Then

null 77 = null 7" = null 7772 = . . ..
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Null Spaces Stop Growing

Spose T € L(V). Let n =dim V. Then

null 77 = null 7" = null 7772 = . . ..

Proof.

Step 1: Spose null 7™ = null 7™+ for some m, we show for any k:
null 7K = null 7ML,

We must show null 7% D null TM+k+1,

v € null Tmtk+1
Tm+1(Tkv) — Tm+k+lv -0

Thv e null 7" = nUll 7™ = v € null T™HK
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Null Spaces Stop Growing (Cont’d)

Proof (Cont'd):
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Null Spaces Stop Growing (Cont’d)

Proof (Contd):
Step 2: We show null 77 = null 71,
S’pose not.

Then

o} Cnull T Cnull T2 C ... Cnull T" C null 7"+1
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Null Spaces Stop Growing (Cont’d)

Proof (Contd):
Step 2: We show null 77 = null 71,
S’pose not.

Then
o} Cnull T Cnull T2 C ... Cnull T" C null 7"+1

But, dimension must grow in this chain, of subsets of V, contradiction.
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V is the direct sum of null 7" and range T¢™"

Spose T € L(V). Letn =dimV. Then V = null T" & range T". \
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V is the direct sum of null 7" and range T¢™"

Spose T € L(V). Letn =dimV. Then V = null T" & range T".

Proof. Step 1: null T" Nrange 7" = {0}
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V is the direct sum of null 7" and range T¢™"

Spose T € L(V). Letn =dimV. Then V = null T" & range T".

Proof. Step 1: null T" Nrange 7" = {0}

Spose v € null T" Nrange T". Then T"v = 0 and there exists u € V
such that v = T"u.
T'v=T"u=0

By by the previous result, then T"u = 0and v = 0.
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V is the direct sum of null 7" and range T¢™"

Spose T € L(V). Letn =dimV. Then V = null T" & range T".

Proof. Step 1: null T" Nrange 7" = {0}

Spose v € null T" Nrange T". Then T"v = 0 and there exists u € V
such that v = T"u.
T'v=T"u=0

By by the previous result, then T"u = 0and v = 0.
Step 2:
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Spose T € L(V). Letn =dimV. Then V = null T" & range T".

Proof. Step 1: null T" Nrange 7" = {0}

Spose v € null T" Nrange T". Then T"v = 0 and there exists u € V
such that v = T"u.
T'v=T"u=0

By by the previous result, then T"u = 0and v = 0.

Step 2: Then using Fundamental Theorem of Linear Maps:
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V is the direct sum of null 7" and range T¢™"

Spose T € L(V). Letn =dimV. Then V = null T" & range T".

Proof. Step 1: null T" Nrange 7" = {0}

Spose v € null T" Nrange T". Then T"v = 0 and there exists u € V
such that v = T"u.
T'v=T"u=0

By by the previous result, then T"u = 0and v = 0.

Step 2: Then using Fundamental Theorem of Linear Maps:
dim(null T & range T) = dimnull 7" + dimrange 7" = dim V
implyingnull T +range T =null T &range T C Vis all of V.
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V is the direct sum of null 7" and range T¢™"

Spose T € L(V). Letn =dimV. Then V = null T" & range T".

Proof. Step 1: null T" Nrange 7" = {0}

Spose v € null T" Nrange T". Then T"v = 0 and there exists u € V
such that v = T"u.
T'v=T"u=0

By by the previous result, then T"u = 0and v = 0.

Step 2: Then using Fundamental Theorem of Linear Maps:
dim(null T & range T) = dimnull 7" + dimrange 7" = dim V
implyingnull T +range T =null T &range T C Visallof V. O
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Example

T € L(F?) defined T(x,y,z) = (4y,0,52)
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Example

T € L(F?) defined T(x,y,z) = (4y,0,52)

We do not have null T @ range T = V since
null T ={(x,0,0) : x € F}

range T = {(x,0,z) : x,z € F}

But we do have null 7> @ range 7> = V since
T3(x,y,2z) = (0,0,125z2) and

null 7° = {(x,y,0) : x,y € F}

range T° = {(0,0,2) : z€ F}
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Generalized Eigenvectors

Motivation:

Goal: We want to describe structure of operators.
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Generalized Eigenvectors

Motivation:

Goal: We want to describe structure of operators.
Problem: Eigenvalues, upper triangular/diagonal matrices not enough

Solution: Generalized eigenvectors.
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Generalized Eigenvectors

Fix T € L(V).

We want to describe T by writing V = Uy & - - - @ U, where the U; are
invariant under T.

We can make the U; one-dimensional invariant subspaces if and only
if V has an eigenspace decomposition, i.e.

V=EXM,T)®- - @EQAmT)

The Spectral Thm guaranteed this to exist for normal operators if
F = C and self-adjoint operators if F = R.
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Generalized Eigenvectors

Fix T € L(V).

We want to describe T by writing V = Uy & - - - @ U, where the U; are
invariant under T.

We can make the U; one-dimensional invariant subspaces if and only
if V has an eigenspace decomposition, i.e.

V=EXM,T)®- - @EQAmT)

The Spectral Thm guaranteed this to exist for normal operators if
F = C and self-adjoint operators if F = R.

In general, we do not have this decomposition.
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Generalized Eigenvectors

Spose T € £(V) and X\ is an eigenvalue of T. A vectorv € Vis a
generali;ed eigenvector of T corresponding to \ if v # 0 and
(T — AlYv = 0 for some positive integer j.
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Generalized Eigenvectors

Spose T € £(V) and X\ is an eigenvalue of T. A vectorv € Vis a
generalized eigenvector of T corresponding to A if v ## 0 and
(T — MYv = 0 for some positive integer j.

Spose T € L(V) and A € F. The generalized eigenspace of T
corresponding to A\ denoted G(\, T) is defined to be the set of all
generalized eigenvectors of T corresponding to A, along with 0.

FD - MATH 110 - July 27,2023 10/20



Generalized Eigenvectors

Spose T € £(V) and X\ is an eigenvalue of T. A vectorv € Vis a
generalized eigenvector of T corresponding to A if v ## 0 and
(T — MYv = 0 for some positive integer j.

Spose T € L(V) and A € F. The generalized eigenspace of T
corresponding to A\ denoted G(\, T) is defined to be the set of all
generalized eigenvectors of T corresponding to A, along with 0.

Remark. E(A\,T) C G(\, T)
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Description of Generalized Eigenspaces

Spose T € £L(V) and A € F. Then G(\, T) = null (T — A/)dmV,
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Example

Define T(x,y,z) = (4y,0, 5z) to be an operator in £(C?).
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Example

Define T(x,y,z) = (4y,0, 5z) to be an operator in £(C?).

Let’s find the eigenvalues, their eigenspaces, and their generalized
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Example

Define T(x,y,z) = (4y,0, 5z) to be an operator in £(C?).

Let’s find the eigenvalues, their eigenspaces, and their generalized
eigenspaces.

E(0,T) ={(x,0,0) : x € C}, E(5,T) ={(0,0,z) : z € C}, which don’t
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FD - MATH 110 - July 27, 2023 12/20



Example

Define T(x,y,z) = (4y,0, 5z) to be an operator in £(C?).

Let’s find the eigenvalues, their eigenspaces, and their generalized
eigenspaces.

E(0,T) ={(x,0,0): x € C}, E(5,T) = {(0,0,2) : z € C}, which don’t
span C°.

(T —-0/)?°=T?and T*(x,y,2z) = (0,0,1252) —
G(0,T) = {(x,y,0) : x,y € C}.
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Example

Define T(x,y,z) = (4y,0, 5z) to be an operator in £(C?).

Let’s find the eigenvalues, their eigenspaces, and their generalized
eigenspaces.

E(0,T) ={(x,0,0) : x € C}, E(5,T) ={(0,0,z) : z € C}, which don’t
span C°.
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Example

Define T(x,y,z) = (4y,0, 5z) to be an operator in £(C?).

Let’s find the eigenvalues, their eigenspaces, and their generalized
eigenspaces.

E(0,T) ={(x,0,0) : x € C}, E(5,T) ={(0,0,z) : z € C}, which don’t
span C°.

(T —-0/)?°=T?and T*(x,y,2z) = (0,0,1252) —
G(0,T) = {(x,y,0) : x,y € C}.

(T —50)3(x,y,2) = (—125x + 300y, —125y,0) —
G(5,T)={(0,0,2): z e C}.
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Example

Define T(x,y,z) = (4y,0, 5z) to be an operator in £(C?).

Let’s find the eigenvalues, their eigenspaces, and their generalized
eigenspaces.

E(0,T) ={(x,0,0) : x € C}, E(5,T) ={(0,0,z) : z € C}, which don’t
span C°.

(T —-0/)?°=T?and T*(x,y,2z) = (0,0,1252) —
G(0,T) = {(x,y,0) : x,y € C}.

(T —50)3(x,y,2) = (—125x + 300y, —125y,0) —
G(5,T)={(0,0,2): z e C}.

Notice C* = G(0,T) @ G(5, T).
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Another Example

Define T(x,y,z) = (6x + 3y + 4z,6y + 2z,7z) to be an operator in
L(C3).
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Another Example

Define T(x,y,z) = (6x + 3y + 4z,6y + 2z,7z) to be an operator in
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What are the eigenvalues?
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Another Example

Define T(x,y,z) = (6x + 3y + 4z,6y + 2z,7z) to be an operator in
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What are the eigenvalues? 6,7. Why?
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Another Example

Define T(x,y,z) = (6x + 3y + 4z,6y + 2z,7z) to be an operator in
L(C3).

What are the eigenvalues? 6,7. Why?
We calculate the generalized eigenspaces as G(\, T) = null (T — A/)>.
(T —60)3(x,y,2) = (10z,2z, 2)
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Another Example

Define T(x,y,z) = (6x + 3y + 4z,6y + 2z,7z) to be an operator in
L(C3).

What are the eigenvalues? 6,7. Why?

We calculate the generalized eigenspaces as G(\, T) = null (T — A/)>.

(T —60)3(x,y,z) = (10z,2z,z) = null = span(1,0,0),(0,1,0)
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Another Example

Define T(x,y,z) = (6x + 3y + 4z,6y + 2z,7z) to be an operator in
L(C3).

What are the eigenvalues? 6,7. Why?

We calculate the generalized eigenspaces as G(\, T) = null (T — A/)>.
(T —60)3(x,y,z) = (10z,2z,z) = null = span(1,0,0),(0,1,0)
(T—713(x,y,2) = (—x + 9y — 8z, —y + 22,0)
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Another Example

Define T(x,y,z) = (6x + 3y + 4z,6y + 2z,7z) to be an operator in
L(C3).

What are the eigenvalues? 6,7. Why?
We calculate the generalized eigenspaces as G(\, T) = null (T — A/)>.
(T —60)3(x,y,z) = (10z,2z,z) = null = span(1,0,0),(0,1,0)

(T_ 7/)3(X7y,2) = (_X+ 9y— 827 —y+ 227 0) =
null = span(10,2,1)
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Description of Generalized Eigenspaces

Spose T € L(V) and A € F. Then G(\, T) = null (T — A/)dmV.
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Description of Generalized Eigenspaces
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Spose v € null (T — A)4mY, By definition, v € G(\, T).
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Description of Generalized Eigenspaces

Spose T € L(V) and A € F. Then G(\, T) = null (T — A/)dmV.

Proof.
Spose v € null (T — A)4mY, By definition, v € G(\, T).
Sposev € G(A, T).
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Description of Generalized Eigenspaces
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Spose T € L(V) and A € F. Then G(\, T) = null (T — A/)dmV.

Proof.
Spose v € null (T — A)4mY, By definition, v € G(\, T).

Spose v € G(\, T). Then there is a j such that v € null (T — \/Y.
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Proof.
Spose v € null (T — A)4mY, By definition, v € G(\, T).

Spose v € G(\, T). Then there is a j such that v € null (T — \/Y.
Recall:
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null 77 = null 7" = null 772 = ...
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Description of Generalized Eigenspaces

Spose T € L(V) and A € F. Then G(\, T) = null (T — A/)dmV.

Proof.
Spose v € null (T — A)4mY, By definition, v € G(\, T).

Spose v € G(\, T). Then there is a j such that v € null (T — \/Y.
Recall:

O)=null TP CnullT* C...Cnull T*Cnull Tt C ...
and forn = dimV
null 77 = null 7" = null 772 = . ..

Thus, v € null (T — A/)dimV,
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Linearly Independent Generalized Eigenvectors

Propn [Axl14]:

Let T € L(V). Suppose Aq, ..., Ay are distinct eigenvalues of T and
vi,...,Vny are corresponding generalized eigenvectors. Then
Vi,...,Vp are linearly independent.
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Nilpotent Operators

An operator is called nilpotent if some power of it is equal to 0. \
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Nilpotent Operators

An operator is called nilpotent if some power of it is equal to 0. \

Examples:
m N ¢ L(F*) defined N(z1,2;, 23, 24) = (23, 24,0,0)
m The derivative operator on P,(R)
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Characterizations of Nilpotent Operators

Spose N € L(V) is nilpotent. Then N¢™V = 0.
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Characterizations of Nilpotent Operators

Spose N € L(V) is nilpotent. Then N¢™V = 0.

Proof.

By definition, Nv = 0 for all v and some k.

Then (N — 0/)¥v = 0 for all v and some k. So G(O,N) = V.
V = G(0,N) = null (N — 0/)dimV — nylL NdimV

FD - MATH 110 - July 27, 2023 17/20



Characterizations of Nilpotent Operators

Spose N € L(V) is nilpotent. Then N¢™V = 0.

Proof.

By definition, Nv = 0 for all v and some k.

Then (N — 0/)¥v = 0 for all v and some k. So G(O,N) = V.

V = G(0,N) = null (N — 0/)@imV — null NdimV — NdimV — @
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Characterizations of Nilpotent Operators

Matrix of nilpotent operator:

S’pose N is a nilpotent operator on V. Then there is a basis of V for
which the matrix M(N) has the form:

0 %

0 0

where entries on and below the diagonal are zero.
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Proof of Matrix

Proof.
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Proof of Matrix

Proof. Choose a basis of null N. Extend this to a basis of null N2.
Extend to a basis of null N. Continue in this fashion arriving at a
basis of V since null N4mV = v,
What does the matrix with respect to this basis look Llike?

m Basis vectors of null N give all Os.

m Basis vectors of null N? under N are linear combinations of the
vectors in null N. Non-zero entries are above the diagonal.

m Same with rest of columns.

FD - MATH 110 - July 27, 2023 19/20



References

[Axl14] Sheldon Axler.
Linear Algebra Done Right.
Undergraduate Texts in Mathematics. Springer Cham, 2014.

FD - MATH 110 - July 27,2023 20/20



