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Last Time...

Linearly independent lists
Spanning lists

length spanning list ≥ length of linearly independent list
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Bases
Def’n:
A basis of a vector space is a list of vectors that are linearly
independent and span.

(1, 0, 0), (0, 1, 0), (0, 0, 1) is a basis of R3 or F3
(1, 0, . . . , 0), . . . , (0, . . . , 0, 1) is the standard basis of Fn
(1, 3), (5, 2), (2, 6) is not a basis of R2. Why?
(1, 3), (2, 6) is not a basis of R2. Why?
1, x, x2, x3, . . . is a basis of Pn(F)
How would we find a basis for {(x, y, z) ∈ F3 : x + y + z = 0}?

x = y − z
y = y
z = z
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Criterion for Bases

Prop’n 2.29 [Axl14]:
A list v1, . . . , vn of vectors in V is a basis if and only if for every v ∈ V
there are unique scalars ai ∈ F such that v = a1v1 + . . .+ anvn.
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Spanning Lists Contain Bases

Prop’n:
Every spanning list can be reduced to a basis.

Proof. Let v1, . . . , vm span V .

Let B := {v1, . . . , vm}.

Step 1: If v1 = 0, delete v1. Otherwise B = B.

Step i: If vi ∈ span(v1, . . . , vi−1), delete vi from B. Otherwise, B = B.

After m steps, we have a list of vectors B. This list spans by
construction. The process also ensures lin. ind.

Hence, B is a basis. □
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Every finite dimensional vector space has a basis.

Prop’n:
Every finite-dimensional vector space has a basis.

Proof. By definition every finite-dimensional vector space has a
spanning list.
Reduce this list to a basis. □
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Linear Independent Lists Extend to Bases

Prop’n:
Every linear independent list in V can be extended to a basis.

Proof. Add a basis for V to the list, this spans.
Reduce this list to a basis. □
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Example
Let U ⊂ C5 defined as

U = {(z1, z2, z3, z4, z5) ∈ C5 : 6z1 = z2 and z3 + 2z4 + 3z5 = 0}.

Let’s find a basis.

z1 = z1
z2 = 6z1
z3 = −2z4 − 3z5
z4 = z4
z5 = z5

So:

(z1, z2, z3, z4, z5) = z1(1, 6, 0, 0, 0)+z4(0, 0,−2, 1, 0)+z5(0, 0,−3, 0, 1).

Lin ind? Span?
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Example (Cont’d)

Let’s extend this basis to C5:

Add standard basis vectors!

{(1, 6, 0, 0, 0), (0, 0,−2, 1, 0), (0, 0,−3, 0, 1)}⋃
{(1, 0, 0, 0, 0), (0, 0, 1, 0, 0)}

Vectors that would not have worked: {(1, 0, 0, 0, 0), (0, 1, 0, 0, 0)}
Why?

Claim: C5 = U ⊕W where W = span((1, 0, 0, 0, 0), (0, 0, 1, 0, 0)).
Why?
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Example (Cont’d)

Claim: C5 = U ⊕W where W = span((1, 0, 0, 0, 0), (0, 0, 1, 0, 0)).

Recall, to show that U +W is a direct sum, we must show their
intersection is {0}.

S’pose x ∈ U,W . . .To be in W , x = (a, 0, b, 0, 0). To be in U,
x = (c1, 6c1,−2c2 − 3c3, c2, c3):

(a, 0, b, 0, 0) ̸= (c1, 6c2,−2c2 − 3c3, c2, c3)
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Subspaces are part of direct sums to V

Prop’n 2.34 [Axl14]
Suppose V is finite-dimensional and U is a subspace of V . Then there
is a subspace W of V such that V = U ⊕W .
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Break
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